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Abstract
This paper covers the collision probability of the International Space Station (ISS) with orbiting space debris. NASA presently bases its analysis on the ISS modeled as a sphere. In contrast, the analysis here uses a detailed model very close to the actual shape of the ISS. Sample results indicate that the collision probability is one or two orders of magnitude smaller. An important feature of this analysis is that the complicated computations are reduced by the use of the Method of Equivalent Cross Section Area (MECSA) applied to each component of the ISS. The results obtained are within 0.1% relative error of those obtained by time-consuming area computations.
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There is great interest in the problem of a primary spacecraft colliding with secondary orbiting space objects that are either active spacecraft or inactive spacecraft or their remnants from previous missions. Presently, the most commonly used model[1,2,3,4] for estimating the probability of collision is based on the Gaussian distribution because the primary spacecraft and secondary space objects can be tracked and their orbits are determined to within the errors associated with the corresponding error ellipsoids, as illustrated in Figure 1. Thus, the probability for a pair to collide would be formulated in terms of a combined covariance matrix leading to a general Gaussian distribution in three dimensions.

Figure 1 - Error ellipsoids of primary spacecraft and secondary space object.
If the measurements used for the orbit determination of these two objects are independent or, less stringently, uncorrelated, then this combined covariance matrix is given by the sum of the individual covariance matrices, all expressed in the same coordinate system.
At a conjunction, an encounter coordinate system (See Ref 5a for a detailed discussion) is defined as follows: Let vps denote the relative velocity of the primary spacecraft with respect to the secondary object. In the encounter coordinate system, let the y-axis be defined along this vector. Then, the (x, z)-plane is normal to this vector. At the instant of “nominal” closest approach, let the x-axis be defined such that the primary spacecraft is nominally at the point (xe, 0, 0). The z-axis is chosen to complete the right-handed triad. Thus, we have defined the encounter coordinate system whose unit basis vectors are 
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INPUTS ARE IN BOLD NUMBERS

SigmaX' (km)

3

3

3

3

SigmaZ' (km)

1

1

1

1

Base of Triangle (km)

0.04

0.04

0.04

0.04

Height of Triangle (km)

0.02

0.02

0.02

0.02

X'p (km)

1

0

10

0

Z'p (km)

0

1

0

10

OUTPUTS ARE IN REGULAR NUMBERS

Collision Probability (Patera)

2.007E-05

1.287E-05

8.204E-08

4.097E-27

Collision Probability (Alfano)

2.007E-05

1.287E-05

8.204E-08

0.000E+00

Percent Error

0.00%

0.00%

0.00%

-100.00%

Collision Probability (Chan One Term)

2.007E-05

1.287E-05

8.204E-08

4.093E-27

Percent Error

0.00%

0.00%

0.00%

-0.11%

Collision Probability (Chan Two Terms)

2.007E-05

1.287E-05

8.204E-08

4.095E-27

Percent Error

0.00%

0.00%

0.00%

-0.06%

. This is illustrated in Figure 2. Thus, xe is the “nominal” distance of closest approach. Other designations are “nominal” minimum separation and “nominal” miss distance. The (x, z)-plane is called the encounter plane. It must be emphasized that the encounter coordinate system and the encounter plane are defined only at the instant of nominal closest approach. Henceforth, whenever we omit the word "nominal" for convenience, we shall implicitly keep this connotation in mind.
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Figure 2 - Combined error ellipsoid and collision cross-section in encounter coordinate system.

Let C be the combined covariance matrix in the encounter system. Then, the probability density function (pdf) of the relative position between the primary and secondary is
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Let rp denote the radius of the sphere, which just circumscribes the primary spacecraft, the center of the sphere being located at the center of mass. Similarly, let rs denote the radius of the circumscribing sphere of the secondary object. Let us now assume that both objects are spherical, the reasons being that we simplify the problem and also we do not account for their orientation. Then, if the secondary comes within a sphere with radius rA = rp + rs centered at the primary, there will be physical overlap and hence a collision between the two. 
Therefore, the probability of collision is
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where V is the volume swept by the sphere of radius rA centered at the primary. However, a little consideration reveals that we do not have to deal with this 3-dimensional integral.

In the vicinity of the encounter, an assumption is usually made that the trajectories of the two objects are straight lines. From a qualitative view, one argues that the orbiting velocities are of the order of several kilometers per second and the time spent in the encounter region is only a fraction of a second or at most a few seconds so that the effects of gravitational force are negligible. This results in essentially rectilinear motion over a large region of tens or hundreds of standard deviations in extent. Then, the volume swept out by the sphere of radius rA is a long cylinder essentially extending along the y-direction from 
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-¥+¥

. Thus, instead of having to deal with a three-dimensional pdf, a little consideration reveals that we need only consider the marginal two-dimensional pdf. In the case of the marginal pdf of a joint Gaussian distribution of random variables, no tedious explicit integral evaluation need be performed. We merely set y = 0 and appropriately change the multiplicative factor in the three-dimensional pdf to obtain the desired result [5b]. Hence, its relative position is described by the following bivariate Gaussian pdf
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(3)

Hence, the probability of collision is given the 2-dimensional integral
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where A is the collision cross-section area which is a circle with radius rA centered at the primary.

Transformation to Principal Axes
In general, the form of the pdf in equation (3) contains an undesirable cross term when the correlation coefficient ( is not zero. In order to simplify analysis, we rotate the coordinate system (x, z) to a new coordinate system (x(, z() such that the cross term no longer appears in the pdf. It means that, in this new coordinate system, the major and minor axes of the ellipse associated with the covariance matrix C will be along the coordinate axes, which are the principal directions. To accomplish this, we proceed as follows: The covariance matrix C is given by



[image: image7.wmf]2

xxzxz

2

xzxzz

σρσσ

C.

ρσσσ

éù

=

êú

ëû


(5)

Rotation of coordinates to principal directions yields the covariance matrix C( given by



[image: image8.wmf]¢ 

C 

=

s

¢ 

x 

2

0

0

s

¢ 

z 

2

é 

ë 

ê 

ê 

ù 

û 

ú 

ú 

  .


(6)

Then, we may show that the requisite rotational angle ( is given by
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For the case of 
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, equation (7) yields two values of the rotational angle ( from the x-axis to the x(-axis corresponding to the two non-collinear eigenvectors. We may take one of these to be in the first quadrant and the other in the fourth quadrant. If we wish to assign 
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, then we choose ( to be in the first or fourth quadrant according to the correlation coefficient ( > 0 or < 0. This is illustrated in Figure 3.
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Figure 3 - Rotation to principal axes

For the case of 
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, the Right Hand Side (RHS) of equation (7) is undefined. A little consideration reveals that we choose ( to be ( ( ( 4 depending on the sign of (. However, in general, equation (7) applies to rotation to either one of the two principal axes x( or z( without requiring that 
[image: image13.wmf]xz

¢¢

s³s

.

Since the determinant remains invariant under a rotation, therefore from equations (5) and (6)
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In the (x(, z() system, the pdf (3) becomes
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and the collision probability (4) is given by
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where A( is the circular cross-section with radius rA( centered at the primary. Let (xp(, zp() denote the coordinates of the center of mass of the primary in the (x(, z() system. Therefore, we have
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Transformation to Isotropic Distribution
We next wish to map the ellipses of constant pdf
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into circles of constant pdf having the equation
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The constant k is a label for the size of the ellipse or circle. This mapping is accomplished by the following transformation
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In the (x(, z() system, the pdf (9) becomes isotropic, viz,
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and the collision probability (10) is equivalently given by
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(16)

where A( is the elliptical cross-sectional area with semi-major axis a and semi-minor axis b centered at the primary. Let (xp(, zp() denote the coordinates of the center of mass of the primary in the (x(, z() system. Therefore, we have
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Approximation of Cross-Section by Circle
Up to this step, we have not made any approximations. Suppose we now approximate the elliptical cross-section A( with a circular cross-section A(( of the same area with radius rA((. This is illustrated in Figure 4.
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INPUTS ARE IN BOLD NUMBERS

SigmaX' (km)

10

10

3

3

SigmaZ' (km)

1

1

1

1

Collision Cross-section Radius RA (km)

0.01

0.01

0.05

0.05

X'p (km)

10

0

5

0

Z'p (km)

0

10

0

5

OUTPUTS ARE IN REGULAR NUMBERS

Collision Probability (NASA)

3.033E-06

9.656E-28

1.039E-04

1.564E-09

Collision Probability (Patera)

3.033E-06

9.656E-28

1.039E-04

1.564E-09

Percent Error

0.00%

0.00%

0.00%

0.00%

Collision Probability (Alfano)

3.033E-06

0.000E+00

1.039E-04

1.564E-09

Percent Error

0.00%

-100.00%

0.00%

0.00%

Collision Probability (Chan One Term)

3.033E-06

9.644E-28

1.039E-04

1.552E-09

Percent Error

0.00%

-0.12%

0.00%

-0.76%

Collision Probability (Chan Two Terms)

3.033E-06

9.645E-28

1.039E-04

1.556E-09

Percent Error

0.00%

-0.11%

0.03%

-0.50%



Figure 4 - Approximation of cross-section by circle

Let rp( denote the distance of the primary from the origin in the (x(, z() system. Then, we have
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Thus, the collision probability (16) is approximated by
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By using equations (11), (17) and (18), we may easily show that the distance rp( of the primary from the origin in the (x(, z() system is given by the following two equivalent forms
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Improved Analytical Expressions
There is a benefit from the previous approximation: The two-dimensional isotropic Gaussian pdf with standard deviation 
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 in equation (19) integrated over a circle of radius rA(( displaced a distance rp( from the origin can be transformed into the following one-dimensional Rician pdf integrated from 0 to rA((
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In this equation, I0(( ) denotes the modified Bessel function of the first kind of order zero. This pdf arises frequently in the detection of signals in the presence of noise. The transformation was obtained by Rice[6] in 1944 who studied the case of a sine wave plus random noise and obtained asymptotic expressions for the integral under some simplifying assumptions. The Rician pdf also arises in target detection by pulsed radar (Marcum[7] 1946), noncoherent detection of band-passed binary signals[8], signal fading in the ionosphere[9], atmospheric flow with two-dimensional turbulence (Wagner[10] 1929), and collision of spacecraft with space debris (Chan[2] 1995).

Rice[6] reduced exactly a two-dimensional integral over a circular region with an offset isotropic Gaussian distribution to a one-dimensional integral whose integrand (pdf) involves only the radial distance from the center of the circle. This pdf is presently known as the Rician pdf because it has been predominantly used in numerous applications related to both analog and digital signal detection. An extensive investigation of published literature has revealed that Wagner[10] was the first one to derive this pdf when he studied wind gusts in a turbulent atmosphere. His model is that of a fluid having bulk flow velocity superimposed with two-dimensional eddy currents satisfying an isotropic Gaussian distribution in the two horizontal directions. In his analysis, he first converted the two-dimensional integral with an offset Gaussian distribution to a two-dimensional integral with a Maxwellian distribution. Then, by integrating over the azimuthal angular variable, he obtained an integral whose integrand is precisely the Rician distribution.

Evidently, Wagner’s model is also applicable to the bulk flow of an ideal gas whose random molecular velocity obeys the Maxwellian distribution in the kinetic theory of gases except that the distribution is limited to only two dimensions. Because he was interested only in two-dimensional atmospheric turbulence, he did not analyze the case of three dimensions which seems to be the more meaningful application to the general bulk flow of an ideal gas. In unpublished studies related to collision probabilities, the present author has obtained the distribution function for this case by integrating over two angular variables (azimuth and elevation). This pdf has application in the three-dimensional isotropic dispersion of fragments resulting from collision involving two orbiting space objects.
The Rician pdf has the following properties: When the cross-section displacement is equal to zero, it is precisely the Rayleigh pdf. If it is large, the pdf tends to be symmetrical in the interval of several units of standard deviation containing the maximum point and resembles the Gaussian pdf in this interval (keeping in mind that it is defined from 0 to ( whereas the latter is defined from -( to +(). Computer programs are presently used for the numerical evaluation of this integral. However, an analytical solution in the form of an infinite series which is convergent for all values of the relevant parameters has been obtained in addition to the expressions with error bounds for truncation after a finite number of terms. This solution is[5c]
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where, by using equations (18) through (22), it is convenient to introduce the dimensionless variables u and v which are defined in terms of the mean standard deviation (, the auxiliary standard deviation (*, miss distance xe, and the radius rA of collision cross-section integration by
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If only the first term in the series is retained (m = 0 in equation (23)), it is proved that this collision integral may be expressed analytically as
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where S1 satisfies the inequality
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We may refer to S1 as the truncation error after the first term. Unlike signal detection with different parameter ranges in its applications, it turns out that over a wide range of collision parameters of interest[5d], this truncation after the first term yields a relative error which is less than 1%. Thus, it suffices to retain only the explicit terms in equation (28). If not, then we would have to truncate after the second term (m = 1 in equation (23)) and use the explicit terms in the following equation:
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where S2 satisfies the inequality
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It suffices to use equation (30) because any additional terms beyond this will contribute to insignificant accuracy in the numerical results. Moreover, it must be borne in mind that we have already made an approximation in representing the elliptical cross-section by a circular cross-section in the transition from equation (16) to (19).

Comparison with Other Models
As mentioned before, the analytical expressions (28) and (30) yield results that agree extremely well with those of other formulations. In 1992, Foster[1] “derived” (See Ref. 5 for details) the two-dimensional NASA model which obtains the collision probability by numerically integrating the following integral
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(32)

where ( is the angle of the primary from the z(-axis. In the implementation, the angle stepsize is 0.5o and the radius stepsize is rA/12.

In 1995, Chan[2] reduced the two-dimensional integral to the following one-dimensional integral in the (x,z)-encounter plane
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where
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The integrand involves the error function which is difficult to deal with analytically, especially if the argument is large. Thus, the collision probability has to be computed by numerically evaluating the error function using standard algorithms. Because of this reason, this formulation was not pursued further.

In 2000, Patera[3] derived the following mathematically equivalent model which is a one-dimensional "line" integral
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The expression for ( appearing in the exponent of the integrand is extremely complicated and depends on expressions involving elements of the transformation matrix from the three-dimensional encounter system to the three-dimensional principal axes system and also on the standard deviations in the diagonal covariance matrix. The integration is performed numerically around a circuit in the counter-clockwise direction.

In 2002, Alfano[4] obtained the integral (33) but expressed it in the (x(,z()-encounter plane in which the pdf has only diagonal terms 
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(37)

where (x(p,z(p) denotes the center of mass of the primary. Even though the integrand is simpler, the evaluation of this integral has still to be performed numerically. Again, when the argument exceeds approximately 6 (approximately 8.5 standard deviations), it is difficult to accurately evaluate the error function numerically even by the use of recursion relations because of truncation errors. The value of 6 corresponds to the limits of computing the error function using double precision. All the above formulations rely strictly on numerical integration for implementation. However, Alfano also used the algebraic series processing algorithms in Mathcad to expand the integrand and then integrate termwise the RHS of equation (10) to obtain the following expression
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(38)

The polynomials Pi are very complicated expressions involving the diagonal standard deviations, the coordinates of the primary in the (x(,z()-encounter plane and the radius of the circular cross-section.  This expression yields results which agree to at least four significant digits in comparison with the more accurate numerical integration models. Thus, in essence, equations (28), (30) and (38) are the only analytical models which are applicable over a fairly large range of parameters for spacecraft collision probability computations.

The above four formulations (NASA, Chan, Patera and Alfano) described by equations (28), (32), (35) and (37) were coded and investigations were performed to study their comparative accuracies. The following tables show results comparing equations (28) and (30) with the NASA, Patera and Alfano formulations. Hereafter, for convenience, we shall refer to them as "models" even though they are not truly different models but are all derived from the same original three-dimensional Gaussian pdf. (In common usage, a model usually involves mathematical assumptions entering into the description of a physical problem.) The NASA model is used as a basis of comparison for all the other models. To replicate the exact NASA model, we retain the same number of integration steps (12 x 720 = 8640). Since there are two trigonometric evaluations and one exponential evaluation in the inner loop, there are approximately 25921 evaluations (abbreviated as evals) in the integration. For the Patera model, 1000 steps were used. Since each step involves one exponential evaluation and one inverse sine function evaluation (for d(), therefore there are 2000 evals in the integration. For the Alfano model, 1000 steps were used. Since each step involves one exponential and two error function evaluations, therefore there are 3000 evals in the integration. Finally, there are only two exponential evaluations for the one-term Chan model and three evals for the two-term Chan model required to compute the collision probability.
Table 1 - Comparison for Extremely Close Encounters
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Table 1 shows comparisons for the case of extremely close encounters between a small spacecraft and space debris with combined cross-sectional radius of 5 meters. The nominal miss distance is 10 meters. In the first two columns, their standard deviations in the encounter plane are described by ellipses with aspect ratio of 2:1 and are 50 and 25 meters respectively. Note that this does not necessarily mean that their three-dimensional covariances are small because they could be approaching head-on with a much larger (maybe 10 times) standard deviation in the intrack direction. The first column is for the case of the primary on the major axis of the error ellipse while the second column is for the primary on the minor axis. In the first column, it is seen that the collision probability is 9.74 E-3 computed by the numerical NASA, Patera and Alfano models. The analytical Chan model yields 9.75 E-3. In the last two columns, their standard deviations in the encounter plane are described by ellipses with aspect ratio of 3:1 and are 75 and 25 meters respectively. The third column is for the case of the primary on the major axis of the error ellipse while the fourth column is for the primary on the minor axis. It is seen that the above general observations hold for the numerical results. The only difference is that the collision probability has decreased by one-third when the aspect ratio of the error ellipses changes from 2:1 to 3:1.

Table 2 - Comparison for Close and Distant Encounters
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The first two columns of Table 2 show comparisons for the case of close encounters between two small spacecraft or a slightly larger spacecraft and space debris with combined cross-sectional radius of 10 meters. The nominal miss distance is 1 km. In the first two columns, their standard deviations in the encounter plane are described by ellipses with aspect ratio of 3:1 and are 3 and 1 km respectively. In the first two columns, it is seen that the collision probability is 1.577 E-5 and 1.011 E-5 respectively for the cases of the primary on the major and the minor axes. These numbers are obtained using the numerical NASA, Patera and Alfano models as well as for the two analytical Chan models. The last two columns are for distant encounters with the nominal miss distance being 10 km and everything else being unchanged. It is seen that the above general observations hold for the collision probabilities which are 6.443 E-8 and 3.22 E-27 (the latter being essentially zero). The Alfano model was implemented on Mathcad which gives an output of 0.00 E0 for very small numbers. This is the reason for the misleading 100% error as recorded for that inconsequentially insignificant case. Numerous cases were run by keeping all parameters the same but increasing the aspect ratio of the error ellipse in the encounter plane from 3:1 progressively to 10:1. These results are not shown here because the general trends of consistency among the four models were observed, i.e., they agree to three or four significant figures.
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INPUTS ARE IN BOLD NUMBERS

SigmaX' (km)

1

1

1

1

SigmaZ' (km)

1

1

1

1

Base of Rectangle or Triangle (km)

0.2

0.2

0.2

0.2

Height of Rectangle or Triangle (km)

0.02

0.02

0.02

0.02

X'p (km)

1

0

1

0

Z'p (km)

0

1

0

1

OUTPUTS ARE IN REGULAR NUMBERS

Collision Probability (Patera)

3.861E-04

3.855E-04

1.931E-04

1.929E-04

Collision Probability (Chan One Term)

3.860E-04

3.860E-04

1.930E-04

1.930E-04

Percent Error

-0.03%

0.13%

-0.01%

0.07%

Collision Probability (Chan Two Terms)

3.861E-04

3.861E-04

1.930E-04

1.930E-04

Percent Error

-0.01%

0.15%

-0.01%

0.08%

Table 3 - Comparison for Distant Encounters for Large Spacecraft

The first two columns of Table 3 show comparisons for the case of distant encounters between two space-orbiting objects with combined cross-sectional radius of 10 meters. The nominal miss distance is 10 km. In the first two columns, their standard deviations in the encounter plane are described by ellipses with aspect ratio of 10:1 and are 10 and 1 km respectively. It is seen that the four models yield collision probabilities of 3.03 E-6 and 9.65 E-28 respectively for the cases of the primary on the major and the minor axes. In the third column, we consider encounters of debris with an extremely large spacecraft such as the International Space Station (ISS) of dimensions of 2 x 50 = 100 meters. The standard deviations in the encounter plane are described by ellipses with aspect ratio of 3:1 and are 3 and 1 km respectively. The nominal miss distance of the debris is 5 km. The third column is for the case of the ISS on the major axis of the error ellipse. It is seen that all the four models yield collision probability of 1.04 E-4. The fourth column is for the case of the primary on the minor axis of the error ellipse. It is seen that the three numerical models yield collision probability of 1.564 E-9. The Chan results are respectively off by 0.76% and 0.5% for the one-term and the two-term model. From the above three tables, we observe that there is not much significant difference between all these models for the wide range of cases studied.

From the standpoint of the number of trigonometric, exponential and error function evaluations, either Chan model is still much faster because it requires only one-thousandth of the time taken by the Patera (2000 evals) and the Alfano (3000 evals) models and approximately one-ten thousandth the time taken by the NASA model (26,000 evals). If collision probability is used in screening thousands of pairs of orbiting objects which are candidates for potential collision, this difference in computation speed is an important factor to be considered.

Generalization to More Complex Cross-Sections
Up to this point, the analysis is based on modeling the primary and secondary spacecraft by spheres of radii rp and rs centered at their respective centers of mass. The approximation of the secondary by a sphere is usually justified because the attitude is not known in general. However, the approximation of the primary by a sphere does not yield accurate results because the spacecraft comprises many components which may be modeled as spheres, cylinders, cones, or circular, rectangular and triangular plates, etc. These components may also eclipse one another depending on the projection onto the encounter plane. Thus, the collision cross-section can be very complicated to describe. Even if the outline of the cross-section is available, the method of integrating using radial and angular variables as in the NASA model is not applicable because that formulation is strictly based on a circular collision cross-section. One would then have to perform an extremely time-consuming two-dimensional integration most likely in Cartesian coordinates. The methods of Patera and Alfano may be extended to spacecraft structures more complicated than a sphere. The collision probability of a tethered satellite colliding with a secondary has been formulated by Patera[11]. For this case, the collision cross-section is a ribbon of width equal to 2rs and center-line coinciding with the tether. To be precisely correct, the ends of this ribbon should be two semi-circles, but Patera implicitly simplified these to be straight lines. For practical reasons, this simplification does not introduce substantial errors. If we consider very complex spacecraft structures, even this method of "line" integration does not prove feasible because it relies on knowing the analytical description of the various components and this knowledge explicitly depends on the detailed projection on the encounter plane even for the case of no self-shadowing. In investigative studies, it has been found that the following Method of Equivalent Cross-Section Areas (MECSA) may be fruitfully applied to compute the collision probability for the case of complex spacecraft structures. Basically, it simply involves the cosine of the angle between the unit normal vector ncomp of the particular component and the relative velocity vector vps so that the projected area A on the encounter plane is given in terms of the area Acomp by the relation



[image: image47.wmf]comppspscomp

A/vA

=×

nv

 .
(39)

This is substituted into equations (9) and (15) to obtain in succession the cross-sections A( and A(. Finally, A( is converted into an equivalent circular cross-section A(( of radius rA(( having the same area as A(. The center of A(( is chosen to be at the centroid of A( which also corresponds to the centroids of A( and A because the transformations between the various coordinates are linear. (Linear transformations include rotation, dilation, contraction, shear and translation.) This is another salient feature of MECSA. The justification (but not proof) of this method lies in the fact that if the cross-section dimensions are small compared to the standard deviations or the miss distance, then the pdf does not vary much within the cross-section area. Under these conditions, the collision integral (16) is essentially given by the value of the integrand at the centroid multiplied by the area. What we do here is not a simple straight-forward multiplication of a function value by the area to obtain the integral. We still invoke the Rician integral (22) with a circular area A(( equal to the non-circular area A(. The question that remains to be answered is the merit of this method if the cross-section dimensions are not small compared to the standard deviations or the miss distance. The subject of this applicability is taken up in the following case studies. To illustrate the accuracy of this method, we first consider the case of A being a square.

[image: image61.wmf]This table compares the probability of 

collision for the NASA, Patera, Alfano and 

Chan Models using the NASA Model as 

the basis of comparison. The collision 

cross-section is a circle.
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Encounters with 

Small Covariance

Extremely Close 

Encounters with 

Small Covariance

Extremely Close 

Encounters with 

Small Covariance

INPUTS ARE IN BOLD NUMBERS

SigmaX' (km)

0.05

0.05

0.075

0.075

SigmaZ' (km)

0.025

0.025

0.025

0.025

Collision Cross-section Radius RA (km)

0.005

0.005

0.005

0.005

X'p (km)

0.01

0

0.01

0

Z'p (km)

0

0.01

0

0.01

OUTPUTS ARE IN REGULAR NUMBERS

Collision Probability (NASA)

9.742E-03

9.181E-03

6.571E-03

6.125E-03

Collision Probability (Patera)

9.741E-03

9.181E-03

6.571E-03

6.125E-03

Percent Error

0.00%

0.00%

0.00%

0.00%

Collision Probability (Alfano)

9.741E-03

9.181E-03

6.571E-03

6.125E-03

Percent Error

0.00%

0.00%

0.00%

0.00%

Collision Probability (Chan One Term)

9.753E-03

9.185E-03

6.586E-03

6.134E-03

Percent Error

0.12%

0.04%

0.22%

0.14%

Collision Probability (Chan Two Terms)

9.754E-03

9.189E-03

6.586E-03

6.135E-03

Percent Error

0.13%

0.08%

0.22%

0.17%

Table 4 - Comparison for Extremely Close Encounters for Squares

Table 4 shows the comparison between the numerical integration and MECSA for extremely close encounters with small covariance similar to the parameters in Table 1. The numerical integration is performed using equation (33) with 400 integration steps. It is observed that the approximation of a square by an equivalent circle gives very accurate collision probabilities, being less than 0.4% for the cases studied. Other cases involving rectangles with aspect ratios up to 10:1 have been studied with comparably small errors introduced. (See Table 8.)

[image: image62.wmf]This table compares the probability of 

collision for the NASA, Patera, Alfano and 

Chan Models using the NASA Model as 

the basis of comparison. The collision 

cross-section is a circle.

Close Encounters 

with Moderate 

Covariance

Close Encounters 

with Moderate 

Covariance

Distant Encounters 

with Moderate 

Covariance

Distant Encounters 

with Moderate 

Covariance

INPUTS ARE IN BOLD NUMBERS

SigmaX' (km)

3

3

3

3

SigmaZ' (km)

1

1

1

1

Collision Cross-section Radius RA (km)

0.01

0.01

0.01

0.01

X'p (km)

1

0

10

0

Z'p (km)

0

1

0

10

OUTPUTS ARE IN REGULAR NUMBERS

Collision Probability (NASA)

1.577E-05

1.011E-05

6.443E-08

3.219E-27

Collision Probability (Patera)

1.577E-05

1.011E-05

6.443E-08

3.219E-27

Percent Error

0.00%

0.00%

0.00%

0.00%

Collision Probability (Alfano)

1.577E-05

1.011E-05

6.443E-08

0.000E+00

Percent Error

0.00%

0.00%

0.00%

-100.00%

Collision Probability (Chan One Term)

1.577E-05

1.011E-05

6.443E-08

3.215E-27

Percent Error

0.00%

0.00%

0.00%

-0.12%

Collision Probability (Chan Two Terms)

1.577E-05

1.011E-05

6.443E-08

3.216E-27

Percent Error

0.00%

0.00%

0.00%

-0.08%

Table 5 - Comparison for Close and Distant Encounters for Squares

Table 5 shows the comparison between the numerical integration and MECSA for close encounters and distant encounters with moderate covariance similar to the parameters in Table 2. Again, the numerical integration is performed using equation (35) with 400 integration steps. It is observed that the approximation of a square by an equivalent circle gives very accurate collision probabilities, being less than 0.2% for the cases studied. Other cases involving rectangles with aspect ratios up to 10:1 have been studied with comparable resulting accuracies. (See Table 8.)

Table 6 - Comparison for Extremely Close Encounters for Triangles
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Extremely Close 

Encounters with 

Small Covariance

Extremely Close 

Encounters with 

Small Covariance

Extremely Close 

Encounters with 

Small Covariance

Extremely Close 

Encounters with 

Small Covariance

INPUTS ARE IN BOLD NUMBERS

SigmaX' (km)

0.05

0.05

0.075

0.075

SigmaZ' (km)

0.025

0.025

0.025

0.025

Base of Rectangle (km)

0.01

0.01

0.01

0.01

Height of Rectangle (km)

0.01

0.01

0.01

0.01

X'p (km)

0.01

0

0.01

0

Z'p (km)

0

0.01

0

0.01

OUTPUTS ARE IN REGULAR NUMBERS

Collision Probability (Patera)

1.238E-02

1.167E-02

8.351E-03

7.786E-03

Collision Probability (Alfano)

1.238E-02

1.167E-02

8.351E-03

7.786E-03

Percent Error

0.00%

0.00%

0.00%

0.00%

Collision Probability (Chan One Term)

1.240E-02

1.168E-02

8.378E-03

7.802E-03

Percent Error

0.19%

0.09%

0.32%

0.21%

Collision Probability (Chan Two Terms)

1.240E-02

1.168E-02

8.378E-03

7.805E-03

Percent Error

0.20%

0.14%

0.32%

0.24%


To illustrate the accuracy of MECSA, we next consider the case of A being an isosceles triangle. Table 6 shows the comparison between the numerical integration and MECSA for extremely close encounters with small covariance similar to the parameters in Tables 1 and 4. It is observed that the approximation of an isosceles triangle by an equivalent circle gives very accurate collision probabilities, being less than 0.2% for the cases studied. Other cases involving general triangles with aspect ratios up to 10:1 have been studied with comparable results obtained. (See Table 8.)

Table 7 - Comparison for Close and Distant Encounters for Triangles
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Distant Encounters 

with Moderate 

Covariance

Distant Encounters 

with Moderate 

Covariance

INPUTS ARE IN BOLD NUMBERS

SigmaX' (km)

3

3

3

3

SigmaZ' (km)

1

1

1

1

Base of Rectangle (km)

0.02

0.02

0.02

0.02

Height of Rectangle (km)

0.02

0.02

0.02

0.02

X'p (km)

1

0

10

0

Z'p (km)

0

1

0

10

OUTPUTS ARE IN REGULAR NUMBERS

Collision Probability (Patera)

2.007E-05

1.287E-05

8.204E-08

4.100E-27

Collision Probability (Alfano)

2.007E-05

1.287E-05

8.204E-08

0.000E+00

Percent Error

0.00%

0.00%

0.00%

-100.00%

Collision Probability (Chan One Term)

2.007E-05

1.287E-05

8.204E-08

4.093E-27

Percent Error

0.00%

0.00%

0.00%

-0.17%

Collision Probability (Chan Two Terms)

2.007E-05

1.287E-05

8.204E-08

4.095E-27

Percent Error

0.00%

0.00%

0.00%

-0.11%


Table 7 shows the comparison between the numerical integration and MECSA for close encounters and distant encounters with moderate covariance similar to the parameters in Tables 2 and 5. It is observed that the approximation of an isosceles triangle by an equivalent circle gives very accurate collision probabilities, being less than 0.2% for the cases studied. Other cases involving general triangles with aspect ratios up to 10:1 have been studied, yielding results of comparable accuracies. (See Table 8.)

Table 8 - Comparison for Close Encounters for Elongated Rectangles and Triangles
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SigmaX' (km)

0.05

0.05

0.075

0.075

SigmaZ' (km)

0.025

0.025

0.025

0.025

Base of Triangle (km)

0.02

0.02

0.02

0.02

Height of Triangle (km)

0.01

0.01

0.01

0.01

X'p (km)

0.01
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0.01
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0.01
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OUTPUTS ARE IN REGULAR NUMBERS

Collision Probability (Patera)

1.239E-02

1.167E-02

8.364E-03

7.796E-03

Collision Probability (Alfano)

1.239E-02

1.167E-02

8.364E-03

7.795E-03

Percent Error

0.00%

0.00%

0.00%

0.00%

Collision Probability (Chan One Term)

1.240E-02

1.168E-02

8.378E-03

7.802E-03

Percent Error

0.13%

0.07%

0.17%

0.09%

Collision Probability (Chan Two Terms)

1.240E-02

1.168E-02

8.378E-03

7.805E-03

Percent Error

0.14%

0.12%

0.17%

0.12%


Table 8 shows the comparison between the numerical integration and MECSA for close encounters with moderate covariance similar to the parameters in Tables 2, 5 and 7. For convenience, the pdf is chosen to be isotropic. The first two columns are for the case of elongated rectangles having aspect ratio of 10:1 oriented parallel or perpendicular to the axes respectively. The last two columns are similarly for the case of elongated triangles. It is observed that the corresponding approximations by an equivalent circle give very accurate collision probabilities, being less than 0.2% for the cases studied even for large linear dimensions of 200 meters. The cases for which the pdf is bivariate Gaussian may be reduced to the case of isotropic pdf by changing the aspect ratio of the rectangle or triangle. It is quite remarkable that the MECSA computations have such high fidelity.
The above results show that for an extremely wide range of encounter parameters, the four models (NASA, Patera, Alfano and Chan) yield collision probabilities which agree to three or four significant figures for the case of circular collision cross-section. The NASA model is strictly applicable to the case of circular cross-section whereas the other three may be extended in principle to non-circular areas. However, the Patera and the Alfano models are not easily extendable to complex shapes because they rely on the detailed analytical description of the boundary so that the numerical integration may be performed. The Chan model is easily generalized to include these general shapes because it is based only on areas.

It remains to discuss how various components in a complex spacecraft structure will project onto the encounter plane. For simplicity, we shall ignore eclipsing of one spacecraft component by another. We know that a sphere will project as a circle. A cylinder will project as a parallelogram plus two semi-ellipses. A cone will generally project as a triangle plus a segment of an ellipse or in some cases as an ellipse. A circular plate will project as an ellipse. A rectangle will project as a parallelogram. A triangle will project as a triangle. For each of these components, we know the centroid in the spacecraft body frame. We may easily obtain the centroid of the projection of each component in the encounter plane. The area of the projected cross-section is determined using equation (39). Thus, we may now use equations (24) through (31) to compute accurate collision probabilities with approximately 0.4% error for the cases considered.

Finally, in MECSA, we recall that we convert A( into an equal-area circular cross-section A(( of radius rA(( for use in equation (24). Because of the linear transformations between A, A(, A( and A((, a little consideration of equations (11), (17) and (18) reveals that we can also convert the area A into an equal-area circle, thus simplifying the computations. That is, we may immediately obtain the radius rA for use in equation (24) by simply setting at the start
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When there is no substantial self-shadowing, MECSA may be applied to rapidly and accurately compute the collision probability for the case of complex spacecraft structures. It does not rely on knowing the detailed analytical description of the various components on the encounter plane. Rather, it depends only on the angle between the unit normal spacecraft component vector and the relative velocity vector. The key step is the conversion of the component into an equivalent circle of the same area centered at the centroid. In the following sections, MECSA will be used for efficiently computing the collision probabilities of the International Space Station (ISS) when it encounters other space-orbiting objects.
Geometric Specifications of the ISS
Figures 5 and 6 are the frontal views (artist’s conceptions) of the ISS as it will appear upon completion according to present plans. As of this writing, in mid-2009, most of the anticipated components have already been assembled and are orbiting Earth. The configuration of most modules will remain intact, but the solar panels will be re-oriented so as to be essentially always Sun-pointing.
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Figure 5 - Artist’s Conception of the Starboard Frontal View of the ISS (Courtesy NASA)
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Figure 6 - Artist’s Conception of the Port Frontal View of the ISS (Courtesy NASA)
The dimensions of the main components comprising the ISS are summarized in Ref. 5. The data has been gleaned from the NASA Web site. The structures page[12] provides the NASA specifications in feet as well as in meters. The scale model page[13] gives details of a NASA model in a scale of 1:100 inches, component by component, and also supplies an exploded view. For comparison, all dimensions have been converted to meters. The two sets of data agree to within 0.2 m except for four cases: the lengths of the U. S. Node 2, the European Space Agency Laboratory, the Japanese Experiment Laboratory and the Russian Docking Compartment 1.

The information in the ISS Structure description is periodically updated and is considered more current. This information takes precedence over that in the scale model drawings, which were done many years ago. Sometimes the specifications for a particular component are not completely given in the ISS structure description. In those cases, the scale model information provides the missing data. Figure 7 gives an exploded view of the ISS major components used for collision probability computations.

For convenience, each component is modeled as a simplified geometric solid or plate that it resembles. The centroid of the component is given in the ISS geometrical body system (
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), the origin being at the center of the S0 Truss. The X-axis is in the direction of the ISS velocity vector (roll axis), the Y-axis is along the Starboard trusses (pitch axis), and the Z-axis points toward the Earth (yaw axis). In general, the center of mass of the ISS does not coincide with the origin of the geometrical body system. 
For clarity, we will not introduce another notation to distinguish between the ISS dynamical and geometrical body systems but we should include a displacement vector to account for this difference in our computations. Note that the origin of the geometrical body system is defined to be a constant. However, the center of mass changes with the inclusion of new components, the relocation of current components or the reorientation of any particular component. In this paper, this displacement vector is temporarily set equal to zero for the sake of simplicity and (more importantly) because of the lack of knowledge.

[image: image54.emf]
Figure 7 - Exploded View of the ISS Major Components (Courtesy NASA)
We shall next study three cases for which the normal to the solar panels lies in the (X, Z)-plane and makes an angle of 30 degrees with the X-axis. In the first case, the secondary body approaches the ISS head-on so that the relative velocity vsp of the secondary with respect to the ISS is along the negative X-axis. That is, vps is along the positive X-axis. In the second case, the secondary body approaches the ISS broadside so that the relative velocity vsp of the secondary with respect to the ISS is along the negative Y-axis. That is, vps is along the positive Y-axis. In the third case, the secondary body approaches the ISS from above (overhead) so that the relative velocity vsp of the secondary with respect to the ISS is along the positive Z-axis. That is, vps is along the negative Z-axis.

Case Study I: Head-on Collision Probability

Under the assumption of no occultation of one component by another except at common interfaces, the probability of collision of the ISS with the secondary object is obtained by summing up all the individual probabilities. For this head-on approach we take the normal vector of each flat plate component as shown in the exploded view except that we rotate the huge solar panels PVA-US so that the normal makes an angle of 30 degrees with the X-axis. 

In this case study, the secondary object (space debris) approaches the front of the ISS head-on but is displaced respectively at 10, 1 and 0.1 km to the port side (negative Y-axis). For simplicity, we consider the two standard deviations (x( = (z( ≡ ( = 5 and 1 km. We determine the collision probability for combinations of the input collision parameters.

The probability of collision of the ISS with the secondary object is shown in Table 9.

Table 9 - Probability of Collision for Head-on Approach

	SigmaXprime (km)
	5
	5
	5
	1
	1
	1

	SigmaZprime (km)
	5
	5
	5
	1
	1
	1

	Miss Distance (km)
	10
	1
	0.1
	10
	1
	0.1

	Collision Probability
	3.71 E -06
	2.68 E -05
	2.74 E -05
	1.32 E -25
	4.15 E -04
	6.81 E -04


Case Study II: Broadside Collision Probability

For this broadside approach, we take the same configuration as in the case of head-on approach, That is, the normal vector of each flat plate component shown in the exploded view except that we rotate the huge solar panels PVA-US so that the normal makes an angle of 30 degrees with the X-axis.

In this case study, the space debris approaches the starboard (positive Y-axis) of the ISS but is displaced respectively at 10, 1 and 0.1 km to the front. Again, we consider the two standard deviations (x( = (z( ≡ ( = 5 and 1 km. We determine the collision probability for combinations of the input collision parameters.

The probability of collision of the ISS with the secondary object is shown in Table 10.

Table 6.3 – Probability of Collision for Broadside Approach

	SigmaXprime (km)
	5
	5
	5
	1
	1
	1

	SigmaZprime (km)
	5
	5
	5
	1
	1
	1

	Miss Distance (km)
	10
	1
	0.1
	10
	1
	0.1

	Collision Probability
	6.93 E -07
	5.02 E -06
	5.12 E -06
	2.47 E -26
	7.76 E -05
	1.27 E -04


Case Study III: Overhead Collision Probability

For this overhead approach, we take the same configuration as in the case of head-on and broadside approaches, That is, the normal vector of each flat plate component as shown in the exploded view except that we rotate the huge solar panels PVA-US so that the normal makes an angle of 30 degrees with the X-axis.

In this case study, the space debris approaches the top of the ISS but is displaced respectively at 10, 1 and 0.1 km to the rear. Again, we consider the two standard deviations (x( = (z( ≡ ( = 5 and 1 km. We determine the collision probability for combinations of the input collision parameters.

The probability of collision of the ISS with the secondary object is shown in Table 11.

Table 11 - Probability of Collision for Overhead Approach

	SigmaXprime (km)
	5
	5
	5
	1
	1
	1

	SigmaZprime (km)
	5
	5
	5
	1
	1
	1

	Miss Distance (km)
	10
	1
	0.1
	10
	1
	0.1

	Collision Probability
	2.44 E -06
	1.76 E -05
	1.80 E -05
	8.68 E -26
	2.73 E -04
	4.48 E -04


Comparison with the Spherical Model

If we sum up appropriately all the trusses and parts of the protruding P6 and S6 Photo Voltaic Arrays - US (PVA-US) of the ISS, we obtain 110.79 m from end-to-end along the Y-axis. This compares well with the value of 110 m reported in Jane’s Space Directory[14]. Similarly, if we sum up all the components starting from one end of the P4 Photo Voltaic Arrays to the other and include the P4 truss and the approximate spacing of 6 m in between, we obtain 72.19 m which is the largest linear dimension of the ISS along the X-axis. This compares well with the value of 73.15 m used by NASA[12]. Finally, if we sum all the components starting from the top of the Science Power Platform Photo Voltaic Arrays (SPP-PVA) to the bottom of the Universal Docking Module (UDM), we obtain 35.76 m which is the largest linear dimension of the ISS along the Z-axis.

Thus, if we contain the ISS in a cuboid with faces perpendicular to the X, Y and Z - axes, the smallest cuboid has dimensions of 110.79 × 72.19 × 35.76 m. Next, if we inscribe this cuboid in a sphere, the diameter of the sphere is √[(110.79)2 + (72.19)2 + (35.76)2] = 137 m.

We have just considered three case studies for combinations of the input collision parameters: miss distance xe = 10, 1 and 0.1 km, and standard deviations (x( = (z( ≡ ( = 5.0 and 1.0 km. Thus, if we approximate the ISS by a sphere, it has a cross-section radius rA = 68.5 m ≈ 70 m.

For these collision parameters, we used the four algorithms (NASA, Chan, Patera and Alfano) previously discussed to compute the collision probability when the ISS is modeled as a sphere. The results are shown in Table 12.

Table 12 - Collision Probabilities for the Spherical ISS Model

	SigmaXprime (km)
	5
	5
	5
	1
	1
	1

	SigmaZprime (km)
	5
	5
	5
	1
	1
	1

	Cross-section Radius (km)
	0.7
	0.7
	0.7
	0.7
	0.7
	0.7

	Miss Distance (km)
	10
	1
	0.1
	10
	1
	0.1

	Chan’s Collision Probability
	1.326 E-05
	9.605E-05
	9.798E-05
	5.015E-25
	1.485E-03
	2.435E-03

	NASA (Foster’s) Collision Probability
	1.326 E-05
	9.605E-05
	9.605E-05
	5.015E-25
	1.485E-03
	2.435E-03

	Patera’s Collision Probability
	1.326 E-05
	9.605E-05
	9.605E-05
	5.015E-25
	1.485E-03
	2.435E-03

	Alfano’s Collision Probability
	1.326 E-05
	9.605E-05
	9.605E-05
	5.015E-25
	1.485E-03
	2.435E-03



As demonstrated earlier, we again find that these four algorithms yield essentially the same values for the probability of collision.

Discussion

We have just studied the cases of head-on, broadside and overhead collision of the ISS with an oncoming object. Specifically, we considered the huge solar panels (Photo Voltaic Arrays – US) to be tilted at 30 degrees in the (X, Z)-plane. From Tables 9, 10 and 11, we observe that the probability of collision is between one and two orders of magnitude smaller than the value obtained for the spherical model of the ISS shown in Table 12.

This result is not totally unexpected for the following reason: If we consider the case of a head-on collision, the ISS presents the smallest collision cross-section when the solar panels are in the (X, Y)-plane. For this configuration, the effective area is provided by the ESA Lab, Node 2, the Japanese Experiment Module and its collateral equipment, and whatever parts of the exposed trusses. Thus, the projected area is approximately 110 × 5 = 550 m2. However, if the ISS is considered as a sphere of radius 70 m, the effective cross-section is π × 702 = 15,393 m2. Therefore, the ratio of areas is 550/15,393 = 3.5 × 10-2.

On the other hand, the ISS presents the largest collision cross-section when the solar panels are in the (Y, Z)-plane. For this configuration, we have an additional effective area of 4 × 72.19 × 11.68 = 3,373 m2. Thus, the total effective cross-section area is 550 + 3,373 = 3,923 m2. Therefore, the ratio of areas is 3,923/15,393 = 2.5 × 10-1.

If the solar panels are tilted, the effective frontal cross-section area lies between these two extremes. Hence, we also expect the same for the collision probability. The same statement, based on similar reasoning, applies to the case of broadside and overhead collision of the ISS with an oncoming object.

Conclusion

In general terms, the collision probability when the ISS is approached by an oncoming object from any direction is expected to be between one and two orders of magnitude smaller than the value obtained from a spherical model. More specifically, the realistic value lies between 3.5% and 25% of the value obtained from a spherical model. However, the actual value must be obtained by using the detailed model developed in this paper. The formulation derived here can also be used to compute the collision probability for each component such as the solar panels, the trusses, the US Lab, US Habitat, ESA Lab, Japanese Experiment Module, Canadarm2, Russian Zarya and Zvezda.
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